Sec 14.5 CHAIN RULE

Chain Rule Formula. If z = f(z,y) and = = z(¢) and y = y(t), then

% — fola(t), y(t) &' (t) + fy(x(2), y(t)) ¥ (t)

Short Notation:
dz  Ozdr  Ozdy

@t oxdt oydt

d
Ex1.If z = 2%y +ay?, o =2+t y=1—12, find &

dt le=1"
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de

In three variables: If w = f(x,y,z) and x = z(t), y = y(t) and z = z(t), then

dw Owdr Owdy OJwdz

dt Oz dt+8y dt+8z dt

Ex2. Ifw=xe?? z=1t> y=1—tand z =1 — 2, ﬁnd—’
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More general: What if z = f(z,y) and = = x(s,t) and y = y(s,t)?
In this case, the composite function is z = f(z(s,t),y(s,1)).

Following the diagram, we have the formulas:

82_828x+8z8y nd 82_828x+8z8y
8s 0z ds | Oyds & ot~ or ot oy ot

0 0
Ex3. If 2 = 2® + zy + y?, © = 45+t and y = s°t, compute a—z and a—z at the point (s,t) = (1,2)
s

0z _ Jx, Ir Iy . ¥ _ (ox +
—Z . 22 YY) + (x+2y ) - <
94 Jx 3.4_, a)r 0.2 / 4 (22%)

whe (4,€)< (1 2) we gat (xy)=(52)

len

ﬂg\ = (2(¢) +L)(q)+(c+2(<))(7-(l)(z))@

2 114 e)-(y2)

‘odo: 92

oe 2=
Exercises. € =2

(1) Suppose z = f(x,y), where x = g(s,t), y = h(s,t), g(1,2) = 3, gs(1,2) = —1, ¢(1,2) =
4, h(1,2) =6, he(1,2) = =5, h(1,2) =10, f»(3,6) =7, and f,(3,6) = 8. Find 0z/0s and 0z/0t
when s =1 and ¢ = 2.

92 . O & 9%,
5»: g: o i dy 64 <}(’7)X94 4{)) (J( G )'))("'4(4';‘))
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(2)If z =x/y, v = se andy—l—l-se Computeiandgt t=2' =|-‘f?{
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el T L ASSUML
Implicit Differentiation Y = &L’CJV)

P
Ex1. Find ai if 23 448 423 =1 — 6ayz.
X

a 3 3 3 - ’-a-(
= 2)°S I~6ayL
3« ()( +y ¢ ) dx » )
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sz‘-l-o 3% 22‘ =0 -6yx% —Gx/i"
ox OAx
dx "ya—x' e 4
Qz._. "'Cyﬁ. “3)(2'
ox In%+6xy 7
Ex2. Let F(x,y,2) = 23 +3® + 23 + 62yz — 1. Compute F, and F,. What is —— ?
Fx =3x* 10fQ7TCy2L -0 E:t =0 +0 f3zz1‘6n;,—o
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Theorem If F(x,y,z) =0 and z is a function that depends of z and y, then
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Sec 14.6: Directional Derivatives and the Gradient Vector

Level Surface

Let w = g(x,y, z) a function in 3 variables. A level surface for g(z,y, z) is the set of points in 3-d
such that g(z,y, z) = k, for k a constant.

Ex1. Let g(z,y, 2) = 22 + y?> + 2. Sketch some level surfaces.
, 2
ohen k=1 ! x* 4y + 5=

q
weq k=8 ! A'L‘)’A#X ~7 1\1
\
Ly >
L >
pd
7
4
F
Ex2. Let w = 22 — y? + 22. Sketch the level surfaces w = 1 and w = —2. b4
. L _ % &
(LY % w21l X--y 4 =]
% —>
wlemw  wWz-2. yi Yyredh=-2 //\— %,
by 2 % /
—_— _ = — -
2. 2 Z X
A
The Gradient Vector e

If f is a function of two variables x and y, then the gradient of f is the vector function V f
defined by

Vf(fL‘, y) = (fx(xv y): fy(iL‘,y)>-

If f is a function of three variables z,y and z, then the gradient of f is the vector function
V f defined by

Vf(ac,y, Z) = <f:c(377y7 Z)v fy(fb’,y, Z)v fz(xvyv Z)>




































































































































































































































































































































































































































































































































































































































































































































Tangent Plane to a Level Surface

Let S be a level surface defined by g(z,y, z) = k, where k is a constant and let Py = (z0, 30, 20) be
a point on S. The tangent plane to S at P, is the plane that passes through Py and whose normal
vector is parallel to Vg(Fp).

Ex3. Find the eq. of the tangent plane to the surface x — 2 = 4tan"!(yz) at (1 + 7, 1,1).
) Oefine 9 y,A) = x-2~9 taun (y»)
with  lea| sanface 5y, 4)=0
s) Clegfs  Haf (AT 1 1) s o fle level Seannfect
) A vede papudlealan o dle baugod plact 15 T (14T 1,1)
Rulng Volky 2)= <3AJ5” 947 = <t) - = L) ~! ‘_“'ﬂ(y}

Hea  950iez,0- {1, ZXOW (P
) 51)‘)1‘ l —\/ -1 _'_w _
7 lf(lf ll‘([)’“ > - <'/ "2} “3>
o) ﬁ24 d’ugﬁ”& PM QJ‘ m Poz-"“— (’1‘17'/ ’}(} of
<x-1-m Vol 205 241,02 -3> =g
L(x-1~m) (<) (y~1)*(~3)(2~1) =0

X-2y 3z =7y ye K
gU()Y’ 4

DEF: The normal line to the surface at Py (o, Yo, 20) is the line through P parallel to V§ (o, yo, 20)-

Ex4. Find the parametric equations of the normal line to the surface z — 2 = 4tan~!(yz) at

(1+m,1,1). -
Cek Pzl L) Fow Exd VolR)= <L 3)
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2 2
Ex5. Consider the function g(z,y) = — + Y and a level curve g(z,y) = 1.

100 25

Sketch the level curve g(x,y) = 1, verify that the point (8,3) is on the level curve, and sketch the
vector Vg(8,3).

3
- — LL -(-y \ ﬂhy
o) skdeh 9lyy) = = o= = = |,
,) (’(.Q,_L M (_6'3} 'd own fre Lwd cwyve! — E“—‘l_)
’z 32‘ ey a _ G‘{+3‘_=1 | 10 X
9(6:3’3/- "’;; = ';_: t 2¢ {oa
(150
A 2y
.) VJ(.‘JY)"(&X)gy)‘ <a)) 2‘>

3 2 ¢23
V= B MY < Sy = <%

To-do:
1) Find the parametric equations of the normal line to the ellipsoid b
Defive Aaytg
z? 9 22 x 1) = v 4
Tyt =3 Hwvy

' g (% %) =3
at the point (—2,1,—3). level 3"‘""6'“- 9Il%y }

2) Find the equation of the tangent plane to the ellipsoid
2 2
x 9  Z

— — =3.
1Yy

at the point (—2,1,—3).

































































































































































































































































































































































































































































































































































































































































































































































































































































































































Geometric Idea of directional derivatives.

Uwh Uedew W= <262 5
D Sen, y.)= live, et o rexhb) Fony
h

LJ' 3(“) =f‘(_x° tha, y, +hb)

3(9) = f[x.) }/.)
36

Dby lim 9CHI-5 0

h~»e

=z9'Co)
ol
. (9tu))

h=0

DEF: Let z = f(z,y) and let (xo,y0) be a point in the domain of f. The directional derivative of
f at (zo,yo) in the direction of a unit vector u = (a,b) is defined by

Dy f(x0,90) = dcﬁl {f(wo + ha,yo + hb) } ‘h:o

if this exists.

Ex1. Let f(z,y) = 2%y Y b
v
Find the directional derivative of f at the point (1,2) in the direction of the vector (5,12) using

the definition. S
0,£(L2) = l L 20

fo { (”%7(“ '2")§l
(H';’h)(m) ’Z"‘) (z«—— . ))ZJWO

21 32
L2 (5@ (E) < T -



















































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































Theorem: Let u be a unit vector. If (zg,yp) is a point in the domain of z = f(x,y), then
Duf(x()u ?JO) = Vf(.TO, y()) ‘u
i.e., Duf(zo,y0) is the dot product of the gradient V f(xg,yo) and the unit vector u.

Proof. us< a_’b>

Daf'("e_,)’o):ﬁ {}(Xo tha, }’.fhb)}[lﬂo

={oacw-f'—"+ £y W
dh Y dh .

< f (%) -at 5, (X,%.0-b

=0

P LT U, Fylx > * L2y

= Vf (on)’o) s (.»L‘

Ex2. Find the directional derivative of the function f(z,y) = 2%y — 4y at the point (2, —1) in the
direction of the vector 3¢ 4 4.

() . le
Frud Puf (2,-) where u.=<§c,%—> umit vecter

lets find Voc(x,}’)'" <fx/:f-y? = CZ“}’j 3)(‘),‘_4.’)
Hew V& (2, -)=<-4 g>
~12 sz
S Dufla,-) = Vf(2,1) sU=<~48> <2 LV =+ F =E

S

Ex3. Find the directional derivative of the function f(z,y) = 2%y — 4y at the point (2, —1) in the
direction of the vector —47 + 85 . i
~ vichonn

~4 8 4 i
Fud DofF(2,l) wlee U= <@,ﬁ> “
/" “ E;c 2 v& (2‘/ —\): <-q)l>
N.C=Y 2
56 Dué@, 0= VHED-C=, 25
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Maximizing the Directional Derivative

Suppose we have a function f of two(or three variables) and we consider all possible directional
derivatives of f at a given point. These give the rates of change of f in all possible directions. We
can ask the following questions: In which of these directions does f changes fastest and what is the
maximum rate of change? The answers are provided by the following theorem.

Theorem. Let P be a point in the domain of the function f. Then:

1. The function f increases most rapidly in the direction of the gradient vector V f(P) and the
maximum rate of change is ||V f(P)||.

2. The function f decreases most rapidly in the direction opposite to the gradient vector, that is,
in the direction of —V f(P), and the minimum rate of change is —||V f(P)||. 9F(p)

) DufP)=TF(R) +u= I9f@ll Uul cx® Py
mox  vabe ot clnuge  owcurs wl«Ml e:ol [cos®=1]

so V'j'(f) and « ollow tle Sa e, dl"td'“h -
tren, e divedHia in which le Quadron Thevenres Gutest 5 9F (o)
and e wmaw valt of chause 5 IVF ¢/ L.

Ex4. Find the maximum rate of change of f(z,y) = 22 — ze?¥ at the point (2,0).
(raal s [[7ECRI = 11 £, Cp), 5p)> I where Pa(%,0),

Z
2) VY = <Fx, > T Q2 ~e 7, - 2 &
ﬁV<F(_2-/°)=(3 -47 = ||V&&/M“= 9416 =5

sde ot chege & £ &4 (2,00 5

So, e g T

Ex5. Find the direction in which the function f(z,y) = x*y — 22y decreases fastest at the point

2,-3).
o Goal « ~ T FPI= “SE(p), T ()7 where p=(2,-3)

. 2 ¢
.) Yy =<K, 5,2 " <‘lx5) -2_,‘),31 x1-3x"y >
»VF(%3) =<iz,~92>

so, fre diveddn Tq which 4w G"-"d'lbf\ dec vrecs @) w 14

IR ERRE i
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Ex6. The temperature 7T in a metal ball is inversely proportional to the distance from the center
of the ball, which we take to be the origin. The temperature at the point (1,2,2) is 120°. Find the
rate of change of T" at (1,2,2) in the direction toward the point (2,1, 3).

(&, /"): /_‘( ‘
T st g

-)T(l,l,z): lZo';-D__k_. - 128 =p K = 380

(Trqeq .43)
(%4 ‘Q
*) Goal: D, T,a2) whes vEe ‘—‘,—<l,—1/|7, P
P‘-é. = CL-~L1?
=Kky_ -
YTy, %)= Tx, Ty, T4D= <( Kz
eyt ey (Grp~ut)? (m) >
Theu k() -kZ2) -ll2) ‘k-.

), 2,22

VT(’LJL) < 27 27 27 >= 27

so OVTC’/SU: VT(, 2,2)-v

(5 ve0) - (gt

( ~2 +2) ~Jc -~ 3&0° ~Y4o°
= — #+2) = = — =
2.743 = 22§3 2> V3 3J3

Important Remark: If z = f(z,y) and u = (a,b) is a unit vector, then

Dy f(z0,90) = (fz(z0, o), fy(T0,%0)) - (a,b) = afz(x0,%0) + bfy(z0,Y0)

In particular, D;f(zo,y0) = fz(20,y0) and Dxf(zo,y0) = fy(0, y0)-

Exercise: Textbook page 1006 #41




































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































